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flexibility increases difficulties to derive the equations and easily leads to ambiguous 
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of energy-momentum tensor for both the Weyl spinor and the Dirac bispinor. 
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1 I. INTRODUCTION 

The spinor field is the most sensitive to the gravitational one. This very property of the 
spinor field leads many researchers to investigate the self-consistent system of the spinor 
and the gravitational fields in recent years. These works gave rise to a number of interesting 
results. The introduction of the spinor field into the system in question results in an acceler- 
ated mode of evolution [1, 2], while some special choice of spinor field nonlinearity provides 
singularity- free cosmological solutions [3, 4]. In these works, the authors mainly computed 
the results with the diagonal metric, and in this case the energy momentum tensor is simple 
and can be directly calculated from Lagrangian of the spinor field. However, the general 
energy-momentum tensor of spinors in curved space-time has been not clearly derived. As 
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shown below, a few approaches to this problem are actually incomplete. 

Considering the importance of the interaction between spinor fields and the space-time, 
in this paper, we firstly establish explicit relations between vierbien formalism and metric, 
and then show some simple forms of the covariant derivatives for both the Weyl spinor and 
the Dirac bispinor. According to these results, we finally derive the explicit form of energy 
momentum tensor in curved space-time. 

For convenience, in this paper, we denote the metric of the Minkowskii space and the 
corresponding coordinates respectively by 

r ?ab = diag(-l,-l,-l, 1), X"=(X,Y,Z,dT). (1.1) 

The Pauli and Dirac matrices is defined by 

--{(::)■(::)■(::)■(::)}■ « 

= (-<?, a 4 ), a={a\a\a"). (1.3) 

M;:H(-4(::)) 

In the flat space-time, the Dirac equation for free bispinor <j) reads 

7 M Z(9 M = 7710, (1.5) 

where and hereafter we set (c = 1, H = 1) as units for clearness. (1.5) can be written as [5] 

{a^idnib = mib. 
~ ( L6 ) 
a^id^ip = rmfj, 

where ip, ip are two Weyl spinors. (1.6) is also the so-called chiral representation in gauge 
theory. 

Different from the cases of vector and tensor, in general relativity the dynamical equations 
for spinor fields depend on the local frame, which make the representation of the spinor 
connection and the energy-momentum tensor quite complicated. We usually have two kinds 
of local frame, the vierbein formalism and the Newman- Penrose null frame. These two 
formalisms have distinguishing characteristics. 

Assume x M = (x, y, z, ct) be the coordinates of the space-time manifold (M,g), dX a be 
the local frame in the tangent space at fixed point p, then we have the following vierbein 
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formalism [5]- [13] 

dx» = U%dX a , dx„ = L«dX a , U» a Lj = 5 b a , UW = 5». (1.7) 
or equivalently 

gT = U» a U\r?\ g, u = L/^V (1.8) 

In this paper, we use the Greek characters stands for curvilinear coordinates and Latin 
characters for local Euclidean coordinates, which go from 1 to 4. 

The above vierbein formalism has a manifest geometrical meanings with covariant form. 
However, this formalism can not be uniquely expressed by metric, which can be only de- 
termined to an arbitrary local Lorentz transformation as shown bellow. Such flexibility 
increases difficulties in research and easily leads to ambiguous results. 

The Newman-Penrose null frame is defined by 4 vectors [6] 

l = Pd M , n = n^, m = m M M , m = m^, (1.9) 

which satisfy (Pn M = l^m^m^ = —1), and all other scalar products between the elements 
of the frame vanish. For specially selected null frame, it is efficient to solve the solutions to 
the Dirac equation in metrics with some symmetry, such as the Kerr-Newman metric [14]- 
[20]. The elements between the null frame and vierbein formalism have the following linear 
relations 

^=-L(P + «, C^ = -L(m'* + m'*), (1.10) 
C^ = -L(/M_ n M) j u»= * (m»-m»). (1.11) 

However the general form of (1.9) is usually quite complicated. A discussion of energy- 
momentum tensor for the mixed tensor-spinor fields based on this frame is provided in [21], 
but it looks still much complicated. 

Denote the Pauli matrices in curved space-time by 

then we have the anti-commutative relation 

^ + ^ = ^V + £V = 2^. (1.13) 



i 



The Weyl spinor equation (1.6) in curved space-time becomes 

Q^iVnlb = 777/0, 

* (1.14) 
g^iW ^ = imp, 

where V M = <9 M + T M , V M = <9 M + Y^ are spinor covariant derivatives. and T M are the 
spinor affine connections satisfying([<s] or see appendix) 



T/, = ^QaQ^, T M = ^Qa^, (1-15) 



where = d^g a + Y^qP and = d^g 01 + Y^g 13 are usual vectorial covariant derivatives. 
For Dirac bispinor (p, similarly we have 



Y = u» al \ Yi u + TY = W, (1-16) 

l, 
I' 



v^ = (d„ + r M )6 r„ = 7 7^, (i.i7) 



with T M being the Fock-Ivannenko connection. 
In [9, 10], according to the Pauli's theorem 

ST = llf3Sg a(3 + [T,M}, (1.18) 

where M is a traceless matrix related to the frame transformation, the energy-momentum 
tensor for Dirac spinor <p was derived as follows, 

= ^9?(0t (7W + 7W)0), (1.19) 

where <ft = </> + 7° is the Dirac conjugation, V M is the usual covariant derivatives given by 
(1.17). However, this result is only valid for the diagonal metric, because the following 
calculation shows that M is still related with dg^, and provides nonzero contribution to 
T^ u if the metric is nondiagonal. 

The generalized energy-momentum tensor is closely related to the vierbien formalism, 
which can not be uniquely determined by the metric. So we straightforwardly calculate the 
manifest representation of vierbein formalism at first, and then derive the energy-momentum 
tensor based on this representation. 
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II. TRANSFORMATION BETWEEN VIERBEIN AND METRIC 



For metric g^ v , assume the corresponding coordinates (a; 1 ^ 2 ,^ 3 ) are space-like and x 4 is 
time-like. This means the following definitions of </& are real numbers 



Ji — V~9n> J? 



i 



9n 9i2 

921 922 



\ 



9n 9i2 gi3 

921 922 923 
931 932 933 



J 4 = y/-det(g). (2.1) 



Denote 





9n 


912 




9u 


912 




921 


922 


Ul = 






, u 2 = 






, U3 = 








931 


932 




941 


942 




931 


932 



and 



Vl 



9 12 9l3 9l4 
922 923 924 
932 933 934 



v 2 



9u 9i3 9u 

921 923 924 
931 933 934 



V3 



9ll 912 914 
921 922 924 
931 932 934 



Make the LU decomposition of matrix (g^), we have the following solution 
Theorem 1. For LU decomposition 

( giMU ) = L V L + , (g^) = Ur ] U + , U = L* = (L + )-\ 

with positive diagonal elements, we have the following unique solution 



(V) 



9n 
Jl 











921 
Jl 


■h 

Jl 








931 

Jl 


Jl J 2 


Ja 

J_> 





941 






■h 


Jl 


Jl J 2 


J2J3 





(2.2) 



(2.3) 



(2.4) 



(2.5) 



U = (tf" a ) 



/ J_ 921 

Jl Jl J2 

4 1 

J2 


\ 



U3 

j 2 j 3 

J2J3 

h, 
J 3 





Vl 

J 3 J4 

V2 
Jz Ji 

V3 



J3 J4 

is 

J4 



(2.6) 



(2.5) and (2.6) can be solved directly. For any other solutions of (2.4), we have 
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Theorem 2. For any solution of (2.4) L' and U', there exists a Lorentz transformation 
X' a = A a b X b , such that 

L' = LA + , U' = UA~\ (2.7) 

where A = (A a b ) is the matrix of Lorentz transformation. 
Theorem 2 can be checked as follows, 

(g^) = L( Vab )L + = L'( Vab )L' + L- 1 L'(7 7a6 )(L- 1 L / ) + = fa*). (2.8) 

Then we have a Lorentz transformation matrix A = (A a 6 ), such that 

L- 1 L' = A + =^ L' = LA + , or L'* = L*A a b . (2.9) 

Corollary 3. The decomposition (2.4) is nothing but a Schmidt orthogonalization for 
coordinates dx^ 1 of the tangent space-time in the order dx — > dy — > dz — > dt, namely 

ds 2 = g ilv dx l "dx v = n ab dX a dX b 

= -(L x x dx) 2 - (L x Y dx + L y Y dy) 2 - (L x z dx + L y z dy + L z z dz) 2 

+ {Ljdx + L y T dy + Ljdz + L t T dt) 2 . (2.10) 

Corollary 3 is the direct result of (2.5), but which manifestly shows the geometrical meanings 
of the vierbein parameters L a . Obviously, (2.10) is much convenient for practical calculation 
of vierbein. 

Define the spinor coefficient tensor 

S% = \{U"jr h + UW b )sgn(a - b), (2.11) 

which is important for calculation of the dynamical part of the spinor connection [2 2]. S£ b 
is symmetrical for indices fa, v) but antisymmetrical for (a, b). By (1.12), for solution (2.5), 
we can check the following results by straightforward calculation. 
Theorem 4. For solution (2.5), we have 

a>b=l 

= \W + S^) + \s^(L a a a b -L a b a a ), 
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Or equivalently, 

8T n 1 1 

Of; = j(<^ m + TOr + 2^W 6 - (2-13) 

In fiUjg) and we se£ |^ = = (/x 7^ 1/) to £/te tensor form. means 
the total derivative for g^ and g Ufl . 

By Theorem 4, we can easily derive the following formulae. 

Corollary 5. For solution (2.5), we have 

8U a 1 1 

Qjf v = —^af V + tOr) - ^ab 11 ^- (2-14) 

where A 1 is any vector. Especially, we have 

a J^ = \aT + ^ Q T(^ 6 - ° b ° a ) = \sT + ^o^. (2.17) 

7 a |^ = i«T + ^£(7V - 7V) = + ^l7V- (2.18) 

The above results show the difference from (1.18). If the frame is selected, we need not to 
consider its transformation when making the variation 5g^ u . In the case of diagonal metric, 
we find = 0, and then we get the following tensor-like equations 

= \ {v + vl = \ {5 « 7 + s « r) - (2 - 19) 

(2.19) leads to the conventional energy- momentum tensor (1.19). 



III. ENERGY-MOMENTUM TENSOR OF THE SPINORS 

By (1.13) and (1.16), we can rewritten the spinor connection as follows, 

r M = ^IFQcw = ^(Fd^Qa - ^d^g a pQ a Q P ) - -dagtfCfPgP - lfg a ), 
= \[Q a d, Qa - \d,g a(3 (g a ^ + t 'f? a )] - \d a g^{T(f - eV), 
= \{Q a d,Q a - ry - ifl^CfiV - Q?Q a ). (3.1) 



s 



Similarly, we have 

r„ = \{o a d,Q a - ry - l -d a g^{ e a f - ^ Q ), (3.2) 

f „ = \{Td,l a - T%) - \d a g^{Tl P ~ tV). (3.3) 

The equations (3.1)-(3.3) are more convenient for the following calculation. The spinor 
equation (1.14) and the Lagrangian only depend on the following total connection, 



(3-4) 



f ee = \g^g a d^g a - T-J - \d a g^{g a gP - g^). 
Considering that all g^, g^ are Hermitian and g^ v = g Ufi , by (1.13) we have 

T+ = \{ Q ^d»g a ) + -\g»T« a -\d a g^{gPg a g»-g a gPg») 

= IdpQaTP ~ \e^« a - \d a g^g a Q P ~ (5V + T(f)] (3-5) 
= Jd^aSV - J^r- a - \d a g^g a Q P ~ grtgf). 

Then we get the anti-hermitian part of the spinor connection, 

n ee I(r - r+) = l -(g^d, Qa - d^o"), (3.6) 

In spinor connection, only Q has dynamical effects[22]. Similarly, we have 

n ee i(f - f + ) = l -{TQ a d,g a - d,g a g a T), (3.7) 

In the case of diagonal metric, it is easy to check Q = Q = 0. 

Now we consider the coupling system of spinor and gravity. The Ricci tensor and scalar 
curvature can be given by 

p fj pa a pa , pa p/9 pa p/3 p = n liv p 

J^fiu — U^L va U a L ^ v T 1 va 1 ^ v l. a p, IX — g JX^ U . 

The total Lagrangian of the system reads 

C = ^-£ g + £m= -^-{R-2A)+£ m , (3.8) 
2k 2k 

where k = 8irG, A stands for the cosmological factor, £ m is the Lagrangian of spinors. 
Noticing g 11 and are all Hermitian, for (1.14), we have 

£ m = $l(ij + g»iV^ + ^ + g^iV^} - m(^ + ifj + ^ + ^), 

= Qrid,rf) + ^ + g^id^} + ifj+Vlij + - m(ip + ij + ^ + ^). (3.9) 
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From (3.9) we learn that, the spinor connection and will vanish in C m for diagonal 
metric due to Q = Q = 0. Variation of the Lagrangian (3.8) with respect to gives the 
Einstein's equation 



where is the energy momentum tensor of the spinors, which is defined by 



(3.10) 



t SC m dL a n 



(3.11) 



where g = \ det(g IMU )\ and is the Euler derivatives 

S£m _ dC m 1 d(£ my /g) _ dC m 
5L a - ~ dL^ Jg f d{dpL«) ~ dL a n " 

(3.11) can be proved as follows, 



dc, 



(3.12) 



-2 J 5[C m (L a a ,d,L a a )^]d'- 



x 



\sTC^j 8g^d 4 x-2 J ^f™ a) 8(dpL a a )^gd 



OCrn dL a a 

dL- dg, u 
dL«dg„ v + 2 9 



d(dpL c 



X 



^g p \d(d p L-) 



5L° 



\fgd A x 



Then we get 



5LJ 1 dg^ 



dL a n 



(dp 



r>7 > 



d(d p L-)J dg 



dL" 



y >~"t 



)ftl' 



Sg^v^/gd^x. 



(3.13) 



dL 



on 



dg 



9(dpL<?\ 

dfl 
9(dpL a n 



-V0 ) H 

>) 



(3.14) 



The following contents were once discussed in [23], but the final formalism was not 
reached. By (3.6), it is easy to check 



8L r 



8 V dL » ^ ^ dL » 



(f^an-anTft)- (3-15) 
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Similarly, we have 



dL» = 8 {-m^ d ^ - 9 ^^L^) ' ^ = 8 ( ^ ° n ~ ° nQ 6) - (3 - 16) 



Substituting (3.15) into (3.14), we get 



2 \ 8 V. dgy, v dg^ 



KM^fe-I^ s H)' (3 ' i7) 

Substituting the geometrical part of the spinor connection T M , which is determined by[22] 



into (3.17) and combining the derivative terms dpip, we get 



^ < ( fW)^ - jjf^SV ) V> ) ■ (3-19) 



Using the commutating relation 



d(d(3Qa) d ( dg a \ d f dg a \ dg a 

dfSg £ S = ^ 7^ = 5 /3 ^ 1 ( 3 ' 2 °) 



we get 

Let Q = VL^g^., where is the dynamical part of the spinor connection defined by [2 2] 

% = ~ {{U a x U?) ■ (Ljd a Lp - + ^ ' " U ^ a ) x • ( 3 -22) 
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By (2.12), (2.16) and (3.22), we have 

m ^ +ga (i~ _ i daS ^ aab ) ®> (3 - 23) 

in which pp = i(dp + T p) + Qp is the generalized momentum operator [22]. J^ 2 - can be 
calculated according to (2.13) and (2.14), but how to simplify this term is still a tiresome 
problem. 

Similarly, we have 

2 ^ +r " l daS ^) (3 ' 24) 
Then we get the energy-momentum tensor of a bispinor 



T ^ = £ + £- g^C, 



III • 



T " l 9aS % rib ) 0) _ rCm - (3 ' 25) 

In the case of a spinor moving in the external interaction eA a , we only need to replace the 
original momentum operator by 

Pa = i{d a + T a ) + Q a - eA a . (3.26) 

Substituting the Dirac equation j a p a (j) = m<j) into (3.25) we finally get the energy-momentum 
tensor for Dirac and Weyl spinors 

1 //JO 7 \ 

T^(0) = -R<^ (7^ + 7^)0) - 2R(0t 7° hr^ - tA^ 6 V7 6 0) - <T^. (3-27) 



dg^ 8 

1 //JO 7 \ 

T^ty) = - WV?" + - 2fc<V V - ~^?V 6 J ^) - <7^. (3.28) 

~1~ ~ ~ //JO 7 \~ 

T^) = -W + (^ + " 23^ + £ Q - g^^V^J t» - gi»c- (3.29) 
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In the space-time with diagonal metric, we have Q a = = 0, and then 

V" = {TP" + WW) - gTC+. (3.30) 

For a linear spinor, we have = and the following classical approximation 

p v ( j)^rnu tl (j), <p ] 70 -> ii v \/l^v2<y 3 (a- X). (3.31) 
So we get the usual energy-momentum tensor for a classical point particle 

-> mvPvfy/l - v 2 5 3 (x - X) . (3.32) 

IV. DISCUSSION AND CONCLUSION 

We manifestly established the representation of the vierbein formalism and the transfor- 
mation between vierbein and the metric. These results are useful for the study of spinor 
fields in curved space-time. (2.10) not only displays the geometrical meaning of the vierbein, 
but also provides a convenient method to calculate vierbein elements . 

The explicit form of energy momentum tensors and some equivalent but simple forms 
of the covariant derivatives for both the Weyl spinor and the Dirac bispinor in curved 
space-time have been derived. (3.27) shows the spinor has complicated interaction with the 
gravimagnetic field. However, in the case of diagonal metric, the energy-momentum tensor 
still takes the usual succinct form. 
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Appendix: the Proof of the Spinor Connection 

The covariant derivatives of the spinor must keep the invariant form under both the 
coordinate transformation and the frame transformation. In order to determine the algebraic 
conditions of the spinor connection, considering the consistency of the covariant derivatives 
of vector and spinor is the simplest way. The following proof was given in [8, 10, 23]. In 
order to keep the integrality of the paper, we introduce the proof by taking the Weyl spionr 
ip as an example. The treatment is enlightening. 

Since = if) + g^tp is a vector, on the one hand, we have the covariant derivative for 
vector 

# = d v <f + C<f = (d^)+^ + + ^ + Q>- (4-1) 

On the other hand, we have the definition of covariant derivative for spinor 

$ = (v^Vv + ^VCv^), (42) 

In contrast (4.1) with (4.2), and noticing the arbitrary if), we get the algebraic condition to 
determine the connection as follows 

r+e" + g »r v = (4.3) 

For any 2x2 matrix A, It is easy to check 

e^ = 2tr(A), Q^ = A. (4.4) 

left times (4.3), we have 

2tr(r v )+ + 4r i/ = ^. (4-5) 

Taking trace of (4.5), we have 

4[tr(r„) + + tr(r„)] = tr(^) = 0. (4.6) 

The solution is given by 



tr(r„) = i2eA, 



(4.7) 



15 



where coefficient e and field A v are real and arbitrary. Then we get the general solution of 
spinor connection 

r M = \quQ^ + ieA^. (4.8) 

(4.8) reflects the consistency of the gravitation with the other kind interaction. In flat space- 
time the nonzero eA^ results in physical effects, so we have the traceless spinor connection 
only relative to the geometrical effects 

r„ = \q»&- (4-9) 

Similarly we have V ^ = \q u q u ^ and = |7„7^. 



